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ABSTRACT

This paper contains the second step in the proof of existence of equilib-
rium payoffs for two-player stochastic games. It deals with the case of
positive absorbing recursive games

This paper* complements [12]. We prove here the existence of equilibrium
payoffs in two-player, absorbing positive recursive games. Recursive games are
stochastic games in which the players receive a payoff equal to zero until an
absorbing state is reached. Positive recursive games are recursive games in which
the payoff to one of the players is positive in each absorbing state. Such a game is
absorbing if the other player cannot prevent the play from reaching an absorbing
state in finite time.

Zero-sum recursive games were first introduced by Everett [2], who proved the
existence of stationary e-optimal strategies. Flesch, Thuijsman and Vrieze (3]
exhibited a two-player recursive game with no stationary e-equilibrium profile.
Independently of our work, Solan [9] proved the existence of equilibrium payoffs

* This is a thoroughly revised version of a discussion paper which circulated under
a slightly different title [10]. I wish to thank Eilon Solan, Sylvain Sorin and an
anonymous referee for many helpful comments.
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in two-player, positive recursive games with two non-absorbing states that have
the absorbing property.

The paper is organized as follows. Section 1 contains definitions and the state-
ment of the main result. Sections 2 and 3 are devoted to examples. The first
example is a variation on the example in [3]: it is a two-player positive absorbing
recursive game with no stationary e-equilibrium profile. The second example is
used to present the main features of the e-equilibrium profiles that we obtain.
Section 4 provides a sufficient condition for the existence of equilibrium payoffs.
In Section 6, we define a family of constrained games, indexed by € > 0, and
analyze the asymptotics of this family, as ¢ goes to zero.

1. Definitions and main result

A two-player recursive game is given by (i) a finite set of states S partitioned
into S* and S\S*; (ii) finite sets A and B of available actions; (iii) a transition
function p: S\S* x A x B - A(S), where A(S) is the space of all probability
distributions over S, and (iv) a payoff function g = (g*, g%): S* — R2.

The game is played as follows. As long as S* has not been reached, the players
choose actions, and the state changes from stage to stage according to p. As soon
as a state s* € §* is reached, the game stops and the players receive the payoff
g(s*). The elements of S* are called absorbing states.

It is convenient to formalize this as follows. The set of stages is the set N*
of positive integers. The initial state s; is given. At stage n, the current state
8p, i1s announced to the players. Player 1 and player 2 choose an action a,, and
by, respectively, independently and possibly at random. The action combination
(an,by) is publicly announced, s,41 is either drawn according to p(-|sp, @n, by) if
5n € S\S* or s, 41 = 8, if 8, € S*, and the game proceeds to stage n + 1.

We denote by H, = (S x A x B)®~! x S the set of histories up to stage n,
by H = |J,>; Hn the set of finite histories, and by Ho = (S X A x B)N the
set of plays._ A strategy of player 1 is a map o: H — A(A), with the usual
understanding: o(hy) is the distribution used by player 1 to select his action
in stage n, when the past history of play is h,. Strategies of player 2 are maps
7: H — A(B). Stationary strategies of player 1 are strategies that depend on the
history only through the current stage. Thus, a stationary strategy of player 1
can be identified with an element x = (z;)secs € A(A)°, with the understanding
that z is the lottery used by player 1 to select his action whenever the current
state is s.

Each h,, € H, is identified with a cylinder set of H,,. We denote by H, the
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induced algebra over H,, and we set Hoo = 0(Hp,n > 1). Given an initial state

s, any pair (o, 7) of strategies induces a probability distribution over (Hy,, Hoo),

which we denote P, , . Eg o - stands for the corresponding expectation operator.
All norms in the paper are supremum norms. W.l.o.g., we assume ||g|| < 1.

1.1 PAYOFFs AND EQUILIBRIA. Throughout the paper, t = inf{n > 1, s, € S*}
stands for the termination stage. For n > 1, denote by gn = g(s¢)1:<n € R? the
vector of the payoffs received in stage n and by

1 n
» Yy =E -
’Yn(s (4 T) 8,0,T [n;gk]

the expected average payoff up to.stage n induced by the profile (o, 7), given the
initial state is s.
We define v(s,0,7) := lilMn00 Yn($, 0, 7) = B4 0,-[9(5t) Le<too)-

Definition 1: Let s be the initial state. A vector v(s) € R? is an equilibrium
payoff of I' if, for every £ > 0, there exist a pair (¢*,7*) and N € N* such that,
for every n > N:

*

IA

Y(s) + ¢,
Vo, 'y,l,(s,o, ) <Y (s) +¢€

YT, 'y;‘:(s, o*,7)

and
(s, 0% ") —v(s)l < e

We then say that (¢*,7*) is a e-equilibrium profile associated with ~(s).
Clearly, we may replace the last requirement by |v(s,o*,7*) — v(s)]| < e. It
asserts that the average payoffs induced by the pair (¢*, 7*) depend little on the
length of the averaging period. Together with this condition, the first two imply
that (o*,7*) is a 2e-cquilibrium in the n-stage game, provided n > N.
1.2 THE RESULT.

A recursive game I' is positive if g2(s) > 0, for every s € S*. A recursive

game has the absorbing property if there exists a stationary strategy y of
player 2 such that

t < 400, Py, 4-a.s. for every initial state s and every z.

The purpose of the paper is to prove the next result.

THEGREM 2: Every positive absorbing recursive game has an equilibrium payoff.
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2. A first example

We show on an example that, given € > 0, there need not exist a stationary
pair (z,y) that is an e-equilibrium for each possible initial state. Consider the
positive absorbing recursive game described by

[/ [L1r

/‘ S1
{ é (_1’ 3)‘
: hY N22°
So S2
Figure 1

The meaning of Figure 1 is the following. Player 1 is the row player, and S\S* =
{s0, 51,82} In state so (resp. s1,s2), player 1 (resp. player 2) has two available
actions, and only one otherwise. Starred entries indicate that the game moves
to an absorbing state with the corresponding termination payoff if this entry is
played, while arrows indicate transitions. Consider state so. If player 1 plays
the top row, the game moves to state si; if player 1 plays the bottom row, the
transition is random: the game moves either to sz or to an absorbing state, with
probabilities % and —51- respectively.

A stationary strategy for player 1 is described by the probability z € [0,1] of
playing the bottom row in state sg. A stationary strategy y = (y1, y2) of player 2
is described by the probabilities y; and y2 of choosing the right column in states
51 and s, respectively.

Assume (z,y) is a e-equilibrium, for some ¢ < %. Assume first £ > 0. Observe
that v2(s, z, (0,0)) = 3, hence v2(s, z, (y1,¥2)) > 3—e. Therefore, the probability
under P, ; (,, .,) Of eventually reaching the state with payoff (-1, 3) is at least
1—e. Thus, y}(s2,, (¥1,¥2)) is at most —1 x (1 —€) +2 x e < —e. On the other
hand, v!(ss,0,y) > 0, which contradicts the e-equilibrium property for player 1.

Assume now that x = 0. Observe that

Wot+1—ys ifys>0
2 _ Y2 Yo Yt ’
Y (82,03 (y1,92)) - { 2y2 if Y1 = 0.

Hence v2(s3,0, (y1,%2)) < 1+ ya. By the e-equilibrium property, 2 > 1 —¢. On
the other hand, v!(sg,0, (y1,¥2)) < 1, and an immediate computation yields

1
’71(30, 1, (yl,yz)) =—=>1+4¢

since y2 > 1 — . Again, this contradicts the e-equilibrium property for player 1.
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In this example, the following is true. For every s € S, there exists a stationary
g-equilibrium (z,y), given the initial state is s. Whether this holds or not in
general is an open problem.

3. A second example

We illustrate on an example, in some detail, the main features of the e-equilibrium
profiles that will appear in the paper. We consider the following game, in which
dotted entries indicate that the current state does not change if the corresponding
entry is played. As above, player 1 is the row player.

. s3 " s

(52 ] 2,5 | s 0.7 HREEL :
o L4 - =

Sg S4

We shall describe an e-equilibrium profile (o*,7*) associated with the payoff
vector (1,3) (the initial state is irrelevant). The vector (1,3) is the arithmetic
average of the payoffs received in the different absorbing states.

Under (o*, 7*), the play is divided into a succession of identical cycles. In each
cycle, the probability of termination (given the past) is small and the players
make sure that each starred entry is played with the same probability. Therefore,
the payoff received, conditional on the fact that termination occurs within the
cycle, is close to (1,3) and the continuation payoff (expected payoff, given the
past history) is always close to (1,3) prior to termination.

Consider any cycle. Player 1 will mostly follow the stationary strategy z that
plays the top row in both states s; and ss, and player 2 will mostly follow the
stationary strategy y that plays the left column in both states sj, 2,54 and ss,
and both the left and middle column with probability % in state s3.

Observe that, given y, the absorbing state with payoff (1,4) can be obtained
only by a unilateral perturbation of player 1 in state sy; given z, the absorbing
states with payoffs (2,3), (2,1),(1,2) and (0,1) can be obtained only with a
unilateral perturbation of player 2; finally, the absorbing state with payoff (0, 7)
can be reached only if both players perturb simutaneously to the middle row and
right column in state ss.

In the cycle, each such perturbation is tried in turn. Clearly, player 1 (resp.
player 2 ) is indifferent between playing the bottom row or not in state sa (resp.
the right column in s;) since the corresponding termination payoff coincides in
that case with the continuation payoff. The players can control the probability
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7 of reaching the state with payoff (0,7) by using the following method: for N
times, the players visit the state s; and perturb to the middle row and right
column with probability v/§ each (where (1 — §)N =1 — n); by choosing 7 small
enough, each player can monitor the behavior of the other in an efficient and
reliable way, by checking the empirical frequencies of the middle row and right
column.

Finally, player 2 would clearly prefer not to play the right column in the states
83, 84 and s5. To make sure that each such perturbation is used with the correct
probability, we introduce public lotteries performed by player 1. More precisely,
observe that, given the game starts in sg, 83 or s4 and player 1 follows z, 1 is
the best payoff that player 2 may get, and he would get this payoff by playing
the right column in either state s3 or s4. Observe also that the corresponding
arithmetic average of the payoffs to player 1 is then (2 +0) = 1, so that player
1 is indifferent as to whether or not player 2 will play the right column in one of
these two states. So the idea is to have player 1 choose for player 2. Of course,
we wish to obtain this without the help of an external correlation device. We
proceed as follows. Player 1 performs the public lottery by choosing to play or
not the middle row in state sy (the public lottery could be based on the bottom
row in s3). Now, given player 1 plays the middle row in state s,, the game moves
to state s1, and 1 is no longer the best payoff that player 2 can get against x.
Therefore, the outcome of the public lottery should be interpreted as: if player
1 does not play the middle row, the players should terminate the game with a
unilateral perturbation of player 2. An additional issue arises: since this event
should have the small probability 7, and since the lottery should be done using
small perturbations of z (for reasons that do not appear in the example), the
randomization by player 1 cannot be done only once, and the lottery has to be
split over many visits in s5. Formally, we require that the players visit N times
89, without visiting either s; or ss, and that each time player 1 perturbs to the
middle row with probability A, where (1 — A)¥ = 1 — 7. If after these IV visits,
the middle row has been played, the players go along with the sequence of cycles;
otherwise, player 2 is required to terminate in state (0,1) or (2,1).

To try the unilateral perturbation leading to the absorbing state with payoff
(1,2), a similar method is employed. Here, we observe that, given the game does
not start in sp, 2 is the best payoff that player 2 may get against x. Since player
1 is indifferent as to whether player 2 plays the right column in s5 or not, the
same device as in the previous paragraph can be used.

Thus, the cycle is divided into five phases: the first two are devoted to the
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unilateral exits of either player that require no special treatment: right column
in state sy, and bottom row in state s. In the example, one stage is sufficient to
try each of these exits. In general, the player who is considering to perturb has
to monitor the actions of the opponent. The third phase is devoted to the joint
perturbation in state sp, and the last two phases to the two lotteries performed by
player 1. The five phases involve different non-absorbing states. It is clear that,
by playing appropriate perturbations of (z,y), it is possible to circulate within
S\S* and to reach any given state, and still to terminate with probability zero.
The feasibility of the public lottery is also based on the possibility to circulate
within the subset {ss, 53, 84, $5}-

4. Sufficient condition

We provide in this section a condition under which a payoff is an equilibrium
payoff. Given C C S, an exit distribution from C is a distribution ¢ € A(S)
such that ¢(C) < 1. We denote by ec = inf{n > 1,s, ¢ C} the exit stage from
C.

We define v!(s) = sup, inf,v(s,0,7) = inf, sup,v'(s,0,7) and v%(s) =
sup, inf, v%(s, o, 7) = inf, sup, v%(s, o, 7). The property that the inf and the sup
commute is due to Everett [2]. By Mertens and Neyman [5], given € > 0, there
exist o., 7. and N, € N* such that v} (s,0,7.) < v!(s)+e and v2(s, 0., 7) < v%+e
for each 0,7 and n > N.. We refer to o, and 7. as e-punishment strategies. The
strategies 0. and 7. may be chosen stationary (see [2] or [7]).

Definition 3: Let C C S\S* and v € (R?)S be given. Let g be an exit distri-
bution from C. The distribution ¢ can be implemented given 7 if, for every
§ > 0, there exist a profile (o¢,7¢) and a bounded stopping time 7 such that,
for every s € C:

o P, . r(ec <+o00) =1 and the law of s, is ¢;

o P,y ro(m<ec)<d;
for every o, Es,a,v‘chl(sec)lec<7r + UI(SW)IWSCC] < Eq['yl] +
o for every 7, By o0 2 (72 (Seq ) Leg<n + V2 (8r) Lr<ec] < Eg[y?] + 4.

We then say that the pair (¢, 7¢) implements ¢ up to §. The first condi-
tion is self-explanatory. The stopping time 7 reflects the fact that the players
monitor each other, in order to deter deviations. It should be thought of as a
stage in which indefinite punishment starts. With this interpretation in mind,
the second condition means that the monitoring is reliable: given (o¢, 7¢), the
probability that a player will ever fail the tests associated with 7 is small. The
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third requirement means that there is no way for player 1 to increase the exit
payoff without being detected. In that sense, the monitoring tests are effective.
The fourth requirement is the symmetric one for player 2.

Let a payoff vector v € (R2)%, and (z,y) be given. Let C be a collection of
disjoint subsets of S\S*, and g¢ be an exit distribution from C, for each C € C.
Let T = {s € S\S*,s ¢ C for each C € C} contain the remaining sets. We define
a transition function p on S by

~ s if s € C for some C € C,
ps'ls) = {Z((Js(’ls), T5,Ys) fs€T;

P, is the law of the Markov chain with transition 7 and initial state s; E[|s] is
the expectation with respect to p(:|s).

PROPOSITION 4: Assume that the following four properties hold:
P1 for each C € C, the distribution qc can be implemented given v;
P2 for each s € T, (x5, ys) is an equilibrium in the one-shot game with payoff
E[7|s’ ) ']; _
P3 v, = g(s) for s € S* and v, = Ely!s] otherwise;
P4 ~(s) > v(s) for each s;
P5 P,(t < +00) =1, for each s € S.
Then « is an equilibrium payoff.

Proof: Given € > 0, we choose N € N such that f’s(t < N)>1-¢, and we
set 8§ = ¢/N. For each C € C, we let (0¢, 7¢) be a profile that implements gc up
to 6, and denote by ¢ the associated stopping time. Define & by: whenever the
game enters some set C' € C, & switches to o¢ until the game leaves C; whenever
the current state does not belong to any C € C, & coincides with z. Define 7 in
a similar way.

The punishment stage 7 is defined as follows: punishment occurs if, during.a
visit in some C € C, the requirements defining ¢ are met or if the number of
visits to sets C € C plus the number of stages spent in T exceeds N (see [12] for
details).

Finally, denote by (¢*,7*) the profile that coincides with (7,7) until 7, and
that switches to e-minmax strategies at that stage. It is straightforward to
simplify the proof of Proposition 16 in [12] in order to show that (o*,7*) is a
3e-equilibrium profile associated with -y. |
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5. Controlled sets

We give here a sufficient condition for implementation. We define controlled
exit distributions given a continuation payoff, and prove that controlled exit
distributions can be implemented.

We first recall some notions that are introduced in Vieille [12]. Given a
stationary strategy y, and a set C C S, we set

1 _ 1
H'(y,C) = Iileajcrgle%(E[v ls, a, ys).

It is argued in [12] that it is a measure of player 1’s level of individual ratio-
nality, given y and the fact that the game will visit states in C. Similarly, we

set H%(x,C) = maxpe p maxscc E[v?|s, 2, b], and we summarize the two in the
vector H(z,9,C) = (H(y,C), H*(z, C).

5.1 COMMUNICATION. We recall a notion introduced in Vieille [12]. The sup-
port of a probability distribution p is denoted by Supp p. Expectations with
respect to p are written E,. Let p and [ be two distributions over a finite set
M. [iis a perturbation of y if Supp p C Supp pi.
Given any pair (z,y), and a subset C of S, we define a directed graph Ge(z, y)
as follows:
o the set of vertices is C;
e for any two states s,s’ € C, there is an edge from s to s’ if and only if
there exist perturbations T, ¥s of Ts,y, such that p(s'|s, Zs,¥s) > 0 and
p(C|5a Ts,Ys) = 1.

Definition 5: Let (r,y) be a pair of stationary strategies. A set C C §
communicates under (z,y) if the graph G¢(z,y) is strongly connected. The
set of sets that communicate under (z,y) is denoted C(z,y).

Recall that a directed graph is strongly connected if, given any two vertices,
there is a path joining the first to the second.

- 5.2 CONTROLLED AND IMPLEMENTABLE EXIT DISTRIBUTIONS.

5.2.1 Definition. Proposition 7 gives a condition under which a distribution
q € A(S) can be implemented given .

We introduce a terminology that was first used by Solan [8]. Let (z,y), and
C C S be given. A pair (s,a) € C x A is a unilateral exit of player 1 (from
C given y) if p(C|s,a,ys) < 1. Given a unilateral exit e = (s,a) of player
1, we abuse notations and write p(-le) instead of p(-|s,a,ys). Unilateral exits
(s,b) of player 2, from C given z, are defined by exchanging the roles of the two
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players. For such a pair e = (s, b), we write p(:|e) instead of p(|s, =4, b). A triplet
e = (s,a,b) € C x A x B is a joint exit (from C given (z,y)) if neither (s, a)
nor (s,b) is a unilateral exit, and if p(C|s, a,b) < 1. In that case, we also write
p("le) = p(:|s,a,b).

For simplicity, we use the letter e for the three different types of exit. We
denote by Ek(z,y), resp. E3(z,y) and EL(z,y) the set of unilateral exits of
player 1 (from C given y), the set of unilateral exits of player 2 and the set of
joint exits. Finally, E¢(z,y) is the set of all exits from C.

Let ¢ € A(S) be given in the convex hull of the distributions
p(-le), e € Ec(z,y). Such a distribution ¢ can be uniquely decomposed as

g= Y apl(le)

eEEc(E,'y)

where ae > 0, and ) _a. = 1. Given F C E¢(z,y), we set ap = ) . p 0, and
qF = 5= Y ecr @ep(|e). For i = 1,2, 5, we set E* = {e € E4(x,y), @ > 0}.

Definition 6: Let (z,y) and v € (R2)S be given. The distribution ¢ is
controlled given (z,y) and v if the following five conditions are satisfied:
1. Cel(z,y).

v > v, and y(s) = Eg[v], for every s € C; we set v(C) = v(s).

Elyle] = v}(C) for every e € EY; E[y?|e] < 42(C), for every e € E2.
H?(z,C) < 4*(C) and H(y,C) < +}0).
Set FO = {e € E?, E[y?|e] = E4[v%]}. There is a partition £ of E*\ F° and
a collection (Cp)peg such that for each F € &:

(a) Cp C C and Cr € C(z,y);

(b) for each (s,b) € F, s € Cr;

(c) E[y%|e] is independent of e € F and E[y2|e] > H?(z,CF);

(d) Ege[v'] = Eqly');

(e) For any unilateral exit (s,b) € Cr x B from CF, one has E[y?|s, z, b]

S EQF[ ]

9":“9’.“

PROPOSITION 7: Let C C S and q be a controlled exit distribution given (z,y)
and 7. Then q can be implemented given .

The proof of Proposition 7 contains many standard features. For this reason,
it has been postponed to Section 8.

Remark 8 If y = v, E? = E7 = () and E! is a singleton set, Definition 6 reduces
to the definition of a set controlled by player 1, that is given in [12]. It is then
also the case that ¢ is controlled given any payoff vector v > v.
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If v = v, E! = E? = {), Definition 6 reduces to the definition of a jointly
controlled set (see [12]). It is then also the case that ¢ is controlled given any
payoff vector v > v.

6. A best-reply map

We define in this section a family of games (T'¢) indexed by € > 0, that approxi-
mates the original stochastic game. For each € > 0, we define a correspondence
B, that might be thought of as the best-reply correspondence of the game T,
although it differs from it in some essential respects. We shall argue that for each
€ > 0, B, has a fixed point and that there is a semi-algebraic selection of the
graph of ¢ — {fixed points of B.}. In section 7, we derive implications from this
analysis.

We first prove some results on the structure of the set of stationary best replies
of player 1 to fully mixed stationary strategies of player 2.

6.1 STRUCTURE OF STATIONARY BEST REPLIES. We denote by
O = {y € A(B)S,y,(b) > 0 for each (s,b) € S x B}

the set of fully mixed stationary strategies of player 2, and by S = A(A)S the
set of stationary strategies of player 1. For s € S, and y € A(B)®, we denote by
¥'(s,y) = maxs vy!(s,-,y) the maximal payoff that player 1 may get, given y and
the initial state s. We give a few easy properties of the set

B'(y) ={z € S, (s,2,9) = ’71(s,y) for each s}

of best replies to y. We shall use extensively the fact that for any initial state s,
and every pair (z,y) € S x O, §* is reached in finite time, P, ; ,-a.s.

LeMMA 9: Let (z,y) € S x O, and u: S — R, such that u(s) = g(s) for each
s € 8.
o Assume that E[uls, zs,ys] > u(s) for each s. Then vy'(s,z,y) > u(s) for
each s.
e Assume moreover that E[ul3, z5,ys] > u(5) for some 5. Then v*(5,z,y) >

u(3).

Proof: Let an initial state s be given. The first assumption implies that the
sequence (u(sp))n>1 is a submartingale under (z,y). Since ¢ < 400, Py 5 4-a.5.,
E; ;y[u(ss)] > u(s). The first claim follows, since u(s:) = g(s:).
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We prove now the second claim. By the first claim, v*(s, z,y) > u(s) for each
s. Therefore

'Yl(g’ T,y) = E['yl(-,x, Y)|8, T3, ys] 2 Elul5, x5, y5] > u(3). 1

The next lemma gives a characterization of B(y).

LEMMA 10: Let (z,y) € S x O, and T € B(y). Then

(1) E[y'(-,Z,y)|s, Ts, ¥s) < ¥*(s,Z,y) for each s.
Moreover, z € B(y) if and only if equality holds in (1) for each s.
Proof: We argue by contradiction. We assume that the set

5= {s €S, E['yl('1ja y)lsv-’l;s’ys] > 71(31 I, y)}

is non-empty. Define Z € S by %, = z, for s € § and Z, = Z, otherwise. By
construction, E[y!(-,Z,y)|s,Zs,ys] > 7'(s,Z,y), and the inequality is strict for
s € 8. By Lemma 9, v'(s, %,y) > v(s, %, y) for s € S, a contradiction.

If equality holds in (1) for each s, one gets y'(s, z,y) = v'(s, Z, y) for each s, by
applying Lemma 9 twice, to the function v(-, %, y) and its opposite. Conversely,
if z € B(y), one has v!(s,Z,y) = v(s,x,y) for each s and the conclusion is
obvious. ]

We shall let y € O vary. We denote by S, the set of pure stationary strategies
of player 1. Blackwell [1] has shown that B(y) # @ for each y, and that B!(y)
contains at least one element of Sp. For y € O, and s € S, we set

A(s,y) = {a € A, EH'I(V y)lsv a, yB] = '_71(5’ y)}

By Lemma 10, a strategy = € S is in B(y) if and only if Suppz, C A(s,y) for
each s € S. In particular, B(y) is a compact convex subset of S.

LEMMA 11: The set {(z,y) € S x O, z € B}(y)} is a semi-algebraic subset of
RAxS x RBX*S,

Proof: Let x € &, be fixed. For each s € S, the function y € O — ¥(s,z,y)
is a rational function in the variables y,(b), (s,b) € S x B. Since S, is finite,
the function y — ¥!(s,y) = maxs, v!(s,z,y) is semi-algebraic. Observe now
that, for each s € S, A(s,y) is defined by a polynomial equality in the variables
ys(b),b € B and 7!(s',y), s’ € S. The result follows. ]
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Observe moreover that the function y -~ ~'(s,z,y), being rational, is
continuous. Therefore y — ¥!(s,y) = maxs, v'(s,z,y) is also continuous on
O. Thus, y — A(s,y) is upper hemicontinuous, for each s € S.

6.2 FIXED-POINT ANALYSIS. We fix integers ng, my,n1, ..., ™MB|x|s|> 7|B|x|S|
such that ng = 0, np41 > [S| X mpy1 and myyy > ny, for each p < |B| x |S].
Given € > 0, we define

O(e) = {y € O, ys(b) > e™&1x131 for each (s,b)}.

It is non-empty for £ small enough. We define a correspondence B, on S X O(g),
and derive some properties. We first define a function ¢: S x OxS x B =+ R by

C(z,y)(s, b) = iI’leagEh,Z(,’ L, y)‘s’xs’ bll - Eh’2('7 Z, y)\S,iL's, b]a

for every (z,y) € Sx O, (s,b) € S x B: given future payoffs are given by
(v*(s',%,y))s, the number ¢(, ,)(s,b) may be interpreted as the cost of playing
b in state s against x4, compared with optimal actions in state s.

Observe that minyeBc(s 4 (s,b) = 0, for every (z,y,s) € S x OxS.

LeEMMA 12: Let (s,b) € S x B be given. The map (z,y) — C(g,y)(s,D) is

continuous and semi-algebraic on 8 x O.

Proof: The map (z,y) — 72(s,7,y) is a rational function on S x O in the
variables z4(a),ys (b), (¢',0,b) € S x A x B, hence is continuous. Therefore,
for each b € B, the map (z,y) — E[y?(-,z,y)|s, zs,b] is both continuous and
semi-algebraic on § x O. |

Let (z,y) € S x O. For (s,b) € S x B, we let

Az, y;8,b) = {(s', 1) € S x B, c(z4)(s', V') < ¢(z,)(5, D)},
n(z, y;5,b) = |{(s',0') € S x Bsc(z,y)(slvb,) < C(m,y)(s’ b}
be the number of state-action pairs that have a cost strictly lower than and lower

than or equal to the cost of the pair (s, b).
Given (z,y) € S x O(e), we define

Be(z,y) = B'(y) x BZ(z,y)
where B! is the correspondence defined in Section 6.1 and
B(z,y) = {7 € O(g), such that e™zwied) < F(b) < g™a=viod) for each (s, b)}.

It is non-empty provided ¢ < £, and € > 0 is small enough.
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PROPOSITION 13: For each € < &, the correspondence B, has a fixed point. The
set {(e,z,y)e > 0, (z,y) € S x O(e) is a fixed point of B.} is semi-algebraic.

Proof: B, is defined on a compact convex set. We already remarked that B!
has compact convex values and is upper semicontinuous. Let (s,b) € S x B be
given. Since (z,y) = ¢z )(s',b’) is continuous for each (s',d'), the functions
(z,y) = n(z,y;s,b) and (z,y) — n(z,y;s,b) are respectively lower and upper
semicontinuous. The upper semicontinuity of B2 follows. Since B2 has compact
convex and non-empty values, B, has a fixed point, by Kakutani’s theorem.

By Lemma 11, the set {(z,y), z € B'(y)} is semi-algebraic. We now prove that
{(e,z,y) € (0,1) xS x O, y € B(z,y)} is also semi-algebraic. Let (s,b) € S x B
be given. For each (s',}'), the set

{(z,y) € S X 0,¢(z,4)(5', V') < €,4)(3,0)}
is semi-algebraic. Therefore, for each n, 7 € N, the set
{(z,y) € § X 0, n;4(s,b) = n and Az (s, b) = 7}
is semi-algebraic. Thus, the set
Bﬂ,ﬁ(sa b) = {(E,xvy) € (Oa 1) X 8 x Oa ﬂ(m,y)(s,b) =n, ﬁ(a:,y)(s’b) =7
and ™2 < y,(b) < g™}

is also semi-algebraic. Since

{(5,1',?/)71/6 Bz(xvy)}: n U Bﬂ,ﬁ(sab)a

(8,b)ESx B n,A<|S|x|B|

the result follows. |

7. Consequences

We derive in this section implications of the semi-algebraic property of the set
{(e,z,y) € > 0, (z,y) € 8§ x O(e) is a fixed point of B.}. By Mertens-Sorin-
Zamir [6], ch. VII, there is a map f: (0,&) = 8§ x O, such that f(e) = (z¢,¢°)
is a fixed point of B,, and moreover, for each (s,a,b) € § x A X B, the maps
€ — z5(a) and € — y<(b) have an expansion in Puiseux series in a neighborhood
of zero. Therefore, for each (s,a) € § x A, there exist nonnegative numbers
7(8,a) and d(s, a) such that

z(a) ~ w(s,a)ed®®)

in a neighborhood of zero.
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7.1 ASYMPTOTIC BEHAVIOR OF (z°,y°). In this section, we briefly recall some
results from [11]. We denote by 8 the family (2°,y).>0, and we set (2, 7%) =
lim. o (2%, ¥¢).

7.1.1 Communicating sets. Given C C S\S*, we let ec = inf{n > 1,s, ¢ C}
denote the exit time from C. Given s’ € S, we let ryy = inf{n > 1,5, =
s'} denote the first return in s'. A set C C S\S* communicates for 4 if
lime—o Py ge 4= (rsr < ec) = 0 for each 5,5’ € C. The collection of such sets is
denoted C(6) and we denote by C(6) the union of C(6) and of the singleton sets
{s},s € S\S*. By Lemma 24 in [11], C(f) C C(z%,y?). Given Cy,Cy € C(6),
either C; N Cy = 0 or C; and Cy can be compared by means of inclusion. Hence

C(#), ordered by inclusion, is a collection of disjoint trees.

7.1.2 Graphs and exit distributions. Given C C S\S*, we define a C-graph to
be an oriented graph on C such that:
o for each s € C, there is exactly one edge incident out of s;
o for each s ¢ C, there is no edge incident out of s;
¢ ¢ has no loop.
Therefore, for each s € C, there is a unique s’ ¢ C such that there is a path from
s to s'. Moreover, this path is unique. For s € C, s’ ¢ C, we let Go(s —s’) be the
set of C-graphs such that there is a path from s to 5. Given an edge (s, s") of g, we
denote by (as(g),bs(g)) the unique pair (a,b) € A x B such that p(s'|s,a,b) > 0,
if such a pair exists. In that case, we set d(s,s’) = d(s,as(g)) + d(s,bs(g));
otherwise, we set d(s,s’) = +o0.
For g € G, and an edge (s,s') of g, we denote by (as(g),bs(g)) the unique
pair (a,b) € A X B such that p(s'|s,a,b) > 0 if such a pair exists.
For € > 0, we define the weight w.(g) of g under (z¢, y*) as

we(g)= [[ p(s')s:2545)

(s,8")€g
and its valuation by
(2) dlg)= ) dis,s).
(s,8')€g

Observe that w,(g) > 0 if d(g) < +00; moreover, w,(g) is then of the order ¢%9).

We set do = mingeg,d(g), GE™ = {g € G¢,d(g) = dc} and GE™ (s —s') =
Gc(s —s') NGB, We denote by Q,(-|C) the law of s, given (z°,y¢) and
starting from s. By Freidlin-Wentzell {4], Chapter 6, Lemma 3.3,

deGo(s—m') We (g)
ZgGGC we(g)

®3) Qs e (s1C) =
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hence (see [11])
Q;6(s'|C) = lim Q.. (s'|C) exists and Q, (s'|C) > 0 & GB™(s —s') # 0.
€

If C € C(8), the distribution Q, g(-|C) is independent of s € C. We simply write
Qs (+|C). Moreover, if g € GB'", all paths of g end up in the same state outside
C: GBIN(s1—8') = GBI (s3—s'), for every s1,52 € C. We simply write G (s').
Finally, Qg(:|D) is in the convex hull of the set {p(|e), e € Ec(z?,¢%)}.
The link between C(#) and the exit distributions is provided by the following
result. Let C be a collection of disjoint subsets of C(f), and p be the transition
sub-kernel defined on C by p(C’|C) = Qe(C’|C). Then

U CeC®) & U C is a recurrent set for p.
ceC cel

This proves the next result. Let C*(f) be the collection of maximal elements of
C(8).

LEMMA 14: Let p be the transition function on C*(6) U S* defined by

~ oy Qe |w) ifwe C*(8),
plwlw) = { lo—w  ifweS”.

The recurrent sets for p are the elements of S*.

7.2 CoNcLUsiON. The function s — (s, z%,y¢) is harmonic w.r.t. the transi-
tion function induced by (z¢,y¢). Hence

v(s,2%,¥°) = Bq, .(ic)[7(z%,¥°)] whenever s € C C S\S*.

LEMMA 17: () = lime0 (-, 2%, ¥°) exists. In addition,
o v(s) =g(s) for s € S*;
o v(s) = E[y(")|s, 2%, y?] for each s € S;
* ¥(s) = Equ(|c)[¥(-)] whenever s € C € C(6).

We prove in this section the next proposition, which implies Theorem 2.

PROPOSITION 16: For each s € S, v(s) is an equilibrium payoff for the game
starting in s.

We need only prove that the conditions of Proposition 4 are satisfied for «,
C =C*(0), (2% %), and the exit distributions gc = Qg(-|C), C € C*(0).
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Condition P5 is a consequence of Lemma 14. Condition P3 is a consequence
of Lemma 15. We now check Condition P2.
By Lemma 15, c(s, b) = lime 0 ¢(ge 4¢) (5, b) exists and is equal to

(4) co(s,b) = max Ely* (|5, 23, | — Ely*()ls, o3, b].

LEMMA 17: Fors € S\S*, (z%,4%) is a Nash equilibrium of the game with payoff
function E[yls, -, ].

Proof: We first prove that z is a best reply to y°. By construction, z° € B(y*)
hence

E[y! (25, y%)|s, 25, u5] = r&agE[vl(we, ¥°)ls, a, y2).

By letting £—0, one obtains
E[’Yllsa "Ega yg] = maXE[71137 a, yg]
a€A
We now prove that y? is a best reply to 2. For each (s,b) € S\S* x B, one has

y0(b) > 0 = co(5,b) = 0 = E[y?s, 2%, 0] = math ls, 2%,

We deduce, for later use, a corollary that allows one to compare unilateral exits
of player 2 from a communicating set.

LEMMA 18: Let C € C(6) be given. Let (s1,b1),(s2,b2) € C x B. One has

E[72|31) 1] > E[’Y l827 3276 ] = 00(31,51) < 06(52ab2)'
Proof: By Lemma 17,

Il')r’lgagE['y |si, 2% ] = E['yz|si,x§i,ygi] =v%(s;), fori=1,2.

By Lemma 15, y2(s1) = 72(s2). The result follows from (4). |
We now check Condition P4.
LEMMA 19: One has y(s) > v(s) for each s.
Proof: Since z° € B!(y*), one has vy!(s,z%,y°) > v!(s). By letting e—0, one
gets 71 (s) > v1(s)

Let § be a best-reply of player 2 to 27, i.e. v3(s, 2%, y) < v2(s,2%,7) for each y.
In particular, ¥2(s, 2%, %) > v%(s). The existence of such a strategy follows from
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[1). We now prove that y2(s, z?,%) < 42(s). Since v2(s) > 0 for each s, the pair
(z%,79) is absorbing. On the other hand,

E[v?|s, 2%, 7,] < E[y?]s, 25,98 = v%(s) for each s.

By Lemma 9 (stated for player 2 rather than for player 1), this implies v2(s, 2%, 7)
< v%(s) for each s, using Lemma 15. |

7.2.1 Condition P1. It remains to check Condition P1. By Proposition 7, it
is enough to check that the exit distribution Qg(:|C) is controlled given v and
(2, y?) for every C € C*(8) NC(H) (i.e., for every maximal communicating set).
Before proceeding with the proof, we recall two lemmas from [11]. Let so €
S\S*, 6 > 0 be given, and let D be the minimal element of C(#) such that

sp €D and dp > dD\{so} + (SlDl

(we here assume that such a set exists).

LEMMA 20: For s € D, s’ ¢ D, one has d(s,s’) > 4.

LEMMA 21: Let F € C(8) such that D C F. Let g,§ € G®™. Let (s1,s}) be the
unique edge of g such that sy ¢ F. Let sz, sh) be an edge of § such that s; € D
and sy ¢ D. Assume that s; € D; and that d(s1,as,(g)) = 0. Then

d(s‘lvbsz(g)) <é=> d(s%asz (g)) > d(82,832(g)).

We let C € C*(8) N C(f) be fixed until the end of the paper. For convenience,
we shall assume that for (s,a,b) € C x A X B,

(5) p(Cl|s,a,b) < 1= p(C|s,a,b) =0

See [12], Section 6.3.2 for the proof that this entails no loss of generality. It
is also convenient to assume that, for each s’ ¢ C, there is at most one triple
(s,a,b) € C x A x B such that p(s'|s,a,b) > 0.

We write ¢ instead of Qg(-|C). We adopt the notations of Section 5.2.1. We

write
g= Z aep(-le), ae>0, Zae—l

ecEc (ma 1y9)

and set E* = {e € E4 (2%, 1?), such that ae > 0}, for i = 1,2,5j. We check the
requirements of Definition 4. Conditions 1 and 2 are fulfilled. Condition 4 follows
from Lemma, 17, since v > v.
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We check now that Condition 3 is satisfied. Let (s,a) € C x A be an element
of E'. Thus, a € Supp z¢ for € > 0 small enough, hence

E[’Yl(me’ ye)‘s’ a, yg] = 71(51 °, ys)‘

The first part of Condition 3 follows by letting e—0. The second part is a
consequence of Lemma 17.

We proceed with the definition of the partition £ of E?\F? and of the sets
(Cr)ree. Recall that FO = {e € E?, E[y%|e] = v%(C)}. For (so,bo) € E*\F?,
let

Os0,b0 = d(s,b)

max

(8,b)EC x B,cp(8,b)<ce(s0,b0)

be the maximal valuation of an action better than bg.
We first compare d(sg, bo) and 85, b,

LEMMA 22: One has d(so, bo) > |S|6s,8,-
Proof: Let (s,b) € C x B be such that ce(s,b) < ca(s0,bp). This implies
Cze ye(8,b) < Cgeye(S0,b0) for € small enough. Therefore, n(mg,y,)(s,b) <
Ti(ge ye) (S0, bo). Using the fixed-point property of (z¢,y¢), this yields

y:o(bl)) < E"’W(:z‘lﬁ)(so.bo) <ex E|S|mn(,e.vc)(s.b) <ex (y;(b))15|,

for each € > 0 small enough.
Hence d(so, bp) > |S|d(s,b). The result follows. |
LEMMA 23: One has
de > dC\{so} + 530’1,0‘C|.
Proof:  Since (sg,bg) € E?, there exists a graph ¢ € G such that
p(g(so)|so, 2%, ba) > 0; in other words, d(sg,g(s0)) = d(s0,bo). Therefore,

dc = d(g) > do\(se} + d(50,b0) > de\gso} + 915,

using the previous lemma. |

Let Ds, p, denote the minimal element D of C(f) that contains so and such
that
dp > dD\{so} + Jso,bo‘D"

This defines a map 7 : E2\F°—((6). Observe that one may have n(sq,bq) C
m(s1,b,) for some (sq,b0), (s1,b1) € E2\F°.
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We define £ as the partition of E?\ FO induced by 7. It is characterized by:
for each F € &, (so,b) € F, one has F = {(s,b) € E*\F°, Dyp = Dgg o }-

For F € &, we set Cr = D, , where (s,b) is any element of F.

In the sequel, we fix F € £, and we check conditions 5(a) through 5(e).
Conditions 5(a) and 5(b) are satisfied by construction.

LEMMA 24: Let (so,bo) € F. For each unilateral exit (s,b) € Cr x B of player
2 from Cy, one has

E[72|3,x§,b] < E[’y2|so,zg bo)-

8p?

Proof: Let s’ ¢ Cr be such that p[s’|s,z8,b] > 0. Hence d(s,s’) < d(s,b).
By Lemma 20, one has d(s,s’) > ds,b,- This yields d(s,b) > ds,,6,, hence
co(s,b) < cg(sg,bp). The result follows by Lemma 18. ]

LEMMA 25: Let z € A(A)°, and K C S\S*. There exists a unilateral exit
(s,b) € K x B from K such that

(6) E[v?|s, z,,b] > mﬁxv?

Proof: Assume that there is no unilateral exit such that (6) holds. Let o, be
the strategy that plays z up to éc = 1+ inf{n > 1, p(K|sn,Zs,,bn) < 1},
and switches to a 7-minmax strategy at stage ec. Choose sp € K such that
v?(8g) = maxg v2. For every strategy T of player 2, one has

'72(307‘717’ T) < Esn,amf[(”z(szc) + 77)12(;<+oo] < ”2(50),

where the second inequality holds provided 7 is small enough—a contradiction.
|

COROLLARY 26: Conditions 5(c) and 5(e) are satisfied.

Proof: By Lemma 25, there is a unilateral exit (s,b) from Cr such that
E[v?|s,z,,b] > maxc,v?. Let (so,by) € F. By Lemma 24, E[y?|s,z?, 8]
< E[y?|so, 2 ,bo]. Since 72 > v2, the two inequalities yield E[y?|so, 29, bo]

> H(z,Cr). Condition 5(c) follows. Condition 5(e) is immediate. 1

We conclude with condition 5(d). Recall that gr = 7= ", @ep(-le).
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PROPOSITION 27: Eg. [ =+'(0).

Proof: By construction, Cq¢ = Cr = F = G. We proceed inductively over the
size of Cr. We let £’ = {G € £,Cq C Cr}. The proofs for the initial step and
for the induction step are analog. We assume below that either £ = {F}, or
that Eg [v'] = ¥1(C), for each G € &', such that Cg C Cp.

By Lemma 24, d5, 5, > 0sqb,0, 85 s00n as (sg,bo) € F and (s1,b1) € G for some
Ge¢.

We shall construct a family (z¢) of stationary strategies of player 1, with the
same support as z¢, and such that

Y cee @G 4G

7 lim Q, .(-|C) =
(7) lim Q. (-|C) > s 0

where QS)E denotes the law of s, under (Z¢, y¢), given the initial state s. Since
z¢ € B(y¢), one has 7¢ € B*(y*), hence

E, ze e[ (Sec, 25,9 = 7' (525, ),

hence Eg [Y (2%, ¥%)] = v'(s;2%,y%). Therefore, E,.[v}] = v}(C), using

(7) and th’éeﬁrllgilction hypothesis.

We obtain (7) by increasing d(s, a), for well-chosen (s,a) € Cr x A. Set L =
Ugeer Supp gg- Thus, for each s’ € L, there is exactly one exit e € E'UE?UE/,
such that p(s’|e) > 0 and moreover e € G, for some G € £'. The actions a,(g), for
g € GBn(s'), s' € L, are the actions that, in state s, contribute to the fact that
the states in L are reached with positive probability. Leaving the valuations of
these actions unchanged will ensure that the relative probabilities of reaching two
states in L does not change. Increasing the valuations of the remaining actions
will ensure that the weight of any state s’ ¢ L vanishes in the exit distribution.

Formally, we set

8 dy = d ) 3
( ) s s’eL,;Ielg)fg‘“(s’) (3 as(g))
we choose _ B

{(i(s,a) > d(s,a) ifd(s,a)>d,
d(s,a) = d(s,a) otherwise
and we set

Zi(a) = N;(—E—)w(s, a)eg("“) for each (s,a) € C x A,
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where Ny(e) = ) . A 7(5,0)e®®) is a normalization factor. Observe that

z5(a)/z%(a) is equivalent to glls:)=d(s,9) i the neighborhood of zero. We shall
prove that (7) holds for this specific choice of (2¢).

For g € G¢, and (s,s’) an edge of g, we define d(s,s') and d(g) by (2), with
d(s, a) rather than d(s, a). We also set de = mingeccg(g), and with some abuse
of notation, égi“ ={ge Gc,d(g) = dc}. We also denote by @ (g) the weight
of a graph g given (¢, y%).

By definition of g(s, a), one has d(g) > d(g) for every g € G¢, and J(g) = d(g)
whenever g € GBI"(s') for some s’ € L. In particular, do = dc.

We now argue that
(9) d(g) > d(g) whenever g € GE™(s") for some s’ ¢ L.

Let g be such a graph. There is a unique edge (s, 3) of g such that 5§ ¢ C, and
5 = s'. By definition of L, one necessarily has s ¢ Cp, since s’ ¢ L.

Let (s2, s5) be an edge of g with s; € Cr, s5 ¢ Cr. By the previous paragraph,
one has s}, € C. Therefore, E[y%|s3, 2% ,bs,(g)] = ¥*(C), hence cg(s2, bs,(g)) = 0.
Thus d(s2,bs,(g) < 80,00, Where (so,bo) € F.

By Lemma 21, one has d(s3, as,(g)) > d(s2,as,(7)), for each § € GRI"(5), 5 €
L. Hence d(sa,a,,(g)) > ds,(see (8)). Therefore, d(s2,as,(g)) > d(s2,a4,(9)),
which implies (9).

We have thus proven that

Ggin — U Glélin(sl)‘
s'eL

Moreover, one clearly has

gi_I)I(l) %:E—‘Z; =1 foreverygé€ é”é‘i".
The result follows, using Freidlin-Wentzell’s formula (3). |

8. Proof of Proposition 7

There are two cases to distinguish, according to whether or not public lotteries
by player 1 are feasible. As in the previous section, we assume that p(Cls, a,b) <
1= p(C|s,a,b) =0, for each (s,a,b) € C x Ax B.

8.1 A FIRST CASE: PUBLIC LOTTERIES ARE NOT FEASIBLE. We assume here
that for some F* € £, there is no pair (s,a) € Cp« X A, such that

(10) zs(a) =0 and p(Cls,a,y,) =1.



Vol. 119, 2000 TWO-PLAYER STOCHASTIC GAMES II: RECURSIVE GAMES 115

We assume w.l.o.g. that F* is a minimal element of £ with this property. We
derive a number of implications of this assumption.

CLamMm 28: Cp- =C

Proof: Assume to the contrary that Cp. C C. Since C € C(z,y), the graph
Gc(z,y) is strongly connected. Hence there is an arrow (s,s) of Ge(z,y) with
s € Cp., s' € C\CFp+, i.e., there exists a pair (Z,,7s) € A(A) x A(B), such that

supp s C supp Z,, supp¥s C supp s,
p(Cls,Z5,7s) =1 and p(s'|s,Zs,¥s) > 0.

In particular, p(C|s,zs,Js) = 1. By assumption 5(e), E[y?|s,zs, 0] < 7%(C)
for each unilateral exit (s,b) from Cg.. Therefore, P(Cp-|s,z,,ys) = 1. Since
p(Cp+|8,Zs,9s) < 1, suppz, is a strict subset of supp z;. For any
a € supp Z,\ supp =, the pair (s, a) satisfies (10), a contradiction. |

CLam 29: E7 = 0.

Proof: If (s,a,b) € E¥, the pair (s,a) satisfies (10). Since Cg. = C, we have a
contradiction. |

CramM 30: E[y?|s, z,b] is independent of (s,b) € E2.

Proof: Let e € E2. We shall prove that E[y?|e] = Eq,.[y?]. By property 5(e)
for F*, E[y?|e] < Eg,.[y?). Assume that E[y?|e] < Eg,.[7%], and let F be the
element of £ that contains e. Since Cr C Cp-, there is no pair (s,a) € Cr x A
such that (10) holds. By applying Claim 28 to F, one gets Cr = C. But now
the inequality E[v2|e] < E,,.. [y?] implies E,.[v?] < E[y?|e*] for e* € F*, which
contradicts 5(e) for F. |

Thus ¢ = 3" g1 @efe + Y g2 Qefe, Where
o B, [v'] = Eg[y!] = E[y}|¢] for each e € EY;
o E[v2|e] = E,_,[v?] < Eg,, [y?] for each e € E*.

We now describe briefly a profile (¢*, 7*) that implements ¢ up to J. A formal
proof can easily be obtained by adapting the proof of the next section.

The play prior to ec is divided in two phases. In the first phase, the exits in £ 1
are tried cyclically. Order the elements of E? in a periodic sequence (s™,a™)meN-
For each m, s™ is visited N times. Each time, a™ is played with small probability.
The number N is chosen large enough to allow for reliable statistical checking
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of the empirical distribution of player 2’s actions. The length of the phase is
such that the overall probability that exit occurs in the first phase is ag:. In the
second phase, the exits in E? are tried cyclically, and the empirical distribution
of player 1’s choices is checked.

In addition, punishment takes place (forever) as soon as a player plays an
action that has zero probability under (*,7*) (given the past history), or if exit
does not occur within a large, bounded number of stages.

Since H(z,C) < Eg_,[v?] and H(y,C) < Eg[y'], deviations that are imme-
diately observed are non-profitable. As for non-observable deviations, player 1
cannot profit by manipulating the relative weights of the elements of E'! in the exit
distribution, or the total weight of the elements of E? since E,.,[7'] = E[y'l€]
for each e € E!; player 2 cannot profit by manipulating the relative weights of
the elements of E? since E[y?|e] = Eqy_, [y?] for each e € E2.

8.2 A SECOND CASE: PUBLIC LOTTERIES ARE FEASIBLE. We here assume
that for cach F € £, there is a pair (s¥,aF) € Cp x 4 such that z,r(a) = 0
and p(C|s¥,af,y,r) = 1. For ease of discussion, we implicitly assume that each
of the sets E', E% and E is non-empty. The adjustments needed to handle the
case where one or two of these sets is empty are obvious.

We formalize the ideas of Example 2. We describe a profile (o*,7*) that
implements ¢ up to §. The definition involves several parameters, that are fixed
immediately afterwards. Under (¢*,7*), the play is divided into a succession
of identical cycles. The probability of exit in any cycle is chosen small, so that
the continuation payoff (defined as the expected exit payoff, given that exit has
not yet occurred) remains always close to E,[y]. Each cycle is divided into a
succession of phases. In each phase, one type of exit is tried. First, player 1
performs a public lottery to decide whether the exits in F € £ should be used.
Then, successively, the exits in E', E? and E7 are tried (the particular ordering
of the phases is irrelevant).

We rank the elements of £ from F! to FMo and, for each n < My, we set
(s™,a™) = (s¥",af"): it is the pair that will be used in the public lottery
associated with F™.

Observe that the construction of section 8.1 works in particular if E! = §. We
may thus apply it to the set Cpm € C(z,y) and the distribution gz=. Hence there
is a profile (0., 7,) that implements gr= up to §. We call #™ the associated
stopping time.

We label the elements of E! as (s™,a™), where m ranges from Mg + 1 to M,
the elements of FO as (s™,b™), where m ranges from M; + 1 to M,, and the
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elements of E7 from (s™,a™,b™) where m ranges from M; +1 to M. By Lemma
9 in [12], given B > 0, there exist for each m < M a perturbation (z™,y™) of
(z,y) such that :
o I(™y™) ~ (& W)l < B
e C is closed under (z™,y™) and s™ is reached a.s. in finite time, whatever
the initial state in C.

In addition, for m < My, we require that Crm be closed under (z™,y™). The
profile (z™,y™) will be used to reach s™. For r > M, we set s" = s™ if r =m
modulo M, so that the sequence (s") has period M. All finite sequences are
extended in a similar periodic way, whenever meaningful. For instance, we set
a" = a™ if r = m modulo M where m < M;. We write m[M] for the value of m
modulo M.

Under (o*,7*) the players visit successively N times each state s™, m > 1. In
each passage, they mostly play according to (zsm,ysm) but perturb with some
small probability. The kind of perturbations depends on m[M].

For p=1,..., N, the p-th passage uy’ in s™ is defined recursively by

u} = inf{n > 1,5, = s'} and u,lJ+1 =inf{n > uzl,, sp=5'}, for1<p< N,
ul = inf{n > u} ", 5, = s™} and uy, = inf{n > u’, s, = s™}
forl<p< N,m>1.

For m < Mj denote by
I™ =inf{n > 1,n = uly, with r = m[M] and ay; #a", for k=1,...,N}

the first success of the public lottery associated with F™, set I™ = ™ + 1 and
l_pub

= infmSMo m
We define the strategy o* up to min({P"?, ec) by: play at stage n

a™ with proba n™, x,m otherwise if n =u with m{M]< M;,p< N

i3
Tgm if n = up* with My <m[M]|<M;,p<N
a™ with proba /™, zsm otherwiseif n = Up' with My <m[M]<M,p<N

Ty otherwise

where the index m,, in the last case is the unique integer such that either u’ﬁ'l <

n < uf* or upt < n < up, for some 1 < p < Nj it is the index of the state that
the players are currently trying to reach. The first case deals both with stages
in which public lotteries are performed and with stages in which unilateral exits
by player 1 are tried. In the second case, unilateral exits of player 2 are tried. In
the third case, joint exits are tried.
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Since m, and the passage times are stopping times, this definition is
meaningful. The definition of 7* up to min({P", ec) is similar to that of o*.

If [P = ™ < e, (0%, 7*) switches t0 (0, Tm) at that stage.

We now choose the parameters that appear in the definition of (¢*,7*) or
in the computation. First, we choose 8 > 0 small enough /8 < §/12M and
(1+8)* — 1+ B(1 + B) < 6B. Given p' > 0, we define g™ m=2,..., M by

Mm+1 _ Om+1,
pm(l—p™) o
p™ is the probability that exit occurs in one of the N visits to s™ (given exit has
not occurred before). We assume that p! is small enough so that

1 ™
(11) — <k

1+8 7 am
We let p be defined by 1 — p = H%:l(l — p™). Tt is the probability that exit
occurs in a given cycle.

O 2
X —2— <1+, for each my, mao.
'u'mz

The statistical tests used for monitoring purposes are performed independently
across the different cycles. They are not perfectly reliable, meaning that the
probability that player 1 (resp. player 2) will fail a test in a given cycle is strictly
positive, even if he uses o* (resp. 7*), no matter how the parameters are chosen.
It should however be small enough so that the probability that a player will ever
fail a test before e is small.

We choose N; such that (1 — u)M < B: it provides a crude upper bound on
the expected number of cycles that will be completed before ec. We then fix a
parameter 0 < A < min(3/4N1,8/N1M): it is related to the power of the tests.

We now choose the number N of visits and the probabilities n™, m < M. We
briefly describe the tests that are used. In the passages in s™, Mp+1 < m{M] <
M, the empirical distribution of the actions selected by player 2 is checked by
player 1; in the passages in s™, M; < m[M] < M,, the empirical distribution of
the actions of player 1 is checked; in the passages in s™, M> < m[M] < M, the
empirical frequencies of a™ and b™ are checked. These checks cannot be active in
the very first passages, otherwise the probability of failing a test would be high.

For My < m < My (resp. M} < m < My) we let (y™), (resp. (z7),) be a
sequence of éd variables with law y,m (with law z,m respectively). We denote
by (Z7)n and (") the associated empirical processes. We choose N, € N such
that

Pr ( s>uE o — yam || > )\) < A for each My < m < M,
n c

Pr ( sup ||Zp — Zem|| > )\) < A for each M; <m < M,.
n>N.
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Tests of empirical distributions are performed only after N, passages.

Given N € N, there exist (7™)m=1,...,m such that (1-n™)N = u™ for m < My,
and (1 — nm)N =1—pu™ for m > My. Clearly, ™ —0 as N—oo, for each m,
and Nn™—u™ for m > My. We choose N large enough so that the following
inequalities are satisfied:

I1 for each m > My, p™/(1+ ) < Ny™ < p™(1 + B);

12 for each m < My, N.pm < A, and Np™ < 1;

I3 for each My < m < M, and (By,). a sequence of iid Bernoulli variables

with parameter /7™, one has

ﬁ

»M»

Pr{1+ﬁ NZB <V A} 21~

We define

=inf{n > 1, 0*(hn-1)(an-1) = 0 or 7°(hn_1){bn_1) = 0},
7y =inf{ n=uy' +1, st. Mo < m{M] < My, p> N, and [|gg" — ysm|| > A},
¥ =inf{ n=ull +1, s.t. My <m[M] < My, p> N and [|Z7" — zom|| > A},
= inf{n = ugt + 1, s.t. My <m[M] < M,

and |[{k < p,a,m= =a™} > Nv™(1+ )},
=inf{n =uR + 1, s.t. My < m[M] < M,
and [{k < N,a,» = a™}| < Nyp™(1 + )},

and define 7J and 7} by replacing a’s by b’s in the definition of nJ and 7. The
exponent s is a mnemonic for support. 7® is the basic test of consistency with
o*, 7. The exponents u and j refer to the kind of exits that are currently being
tried. 7% tests whether player 2 deviates from y, in the states corresponding to
unilateral exits of player 1; 7¥ plays a symmetric role. w{ tests whether player 1
is overplaying the actions that are part of joint exits; 7?{ tests whether player 1
is underplaying them.

We introduce a stopping time that stops according to 7™, in the event [pub —
I™ < ec: we define

7r(m) — m +71™Mo 91_"' on the event jpub — jm o ec,
+o0 otherwise,

jm . . FY .
where 6" (hoo) is the play starting at I™, and #P*? = ming, <y m(m).
We set m; = min(n®, ¥, nl, 7, 7P N€), my = min(7®, 7%, 75, T3, TP, N¢)
and m = min(my, 72).
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The remainder of this section is devoted to the proof of the following
proposition.

PROPOSITION 31: (o*,7*) implements q up to 34.
LEMMA 32: One has P, g+ (7 < ec) <8+ AMN; < 26.
Proof: Clearly, P g+ - (7* < ec) = 0. By definition,
P, oo 7+ (ul* < 73 <min(ec,uy +1)) <A, whenever M; < m[M] < M,.
Therefore, Py g + (75 < u%’M +1) < MMy — M;)N,. Similarly,

Pyorre (1t < ut™ +1) < A(M1—~ Mo) Ny

and
- . A
Py re(m] < u‘;‘M +1) + Pype e (7] < uzfglM +1)< E(M - M)
for ¢ = 1,2. Hence Pyger+(m < u%‘M + 1) < AMN;. Since
Ps o re(ec > u%‘M) < 4, the result follows. |

We now prove that the properties 3 and 4 in Definition 3 are satisfied. We
will prove only property 3. Even though the roles of the two players are not
symmetric, the proof of property 4 can be easily deduced from what follows. Let
o be a pure strategy. For simplicity, we write P and E rather than P, , .- and
Es,o,r' .

Our ultimate goal is to estimate E[y} ], where the continuation payoff v},
is defined by 'Yclont = 'Ul(s?r)l‘lfsec + 7l(sec)lec<7r' We set f = min(eC,l—pub)'
Define

Y (see) if f=ec < m,
¥ =< By, [v'] if f =0™ < my, for some m < My,
EyY] ifm < S

LEMMA 33: One has

E[Yeont) < E[F] + 35.
Proof: We deal with the event {m; < m3}. Observe first that 7%, = 7' on the
event f =ec < m. Let h, € {n = f =1™ < m;} for some m < My. Given h,,,
the state s, belongs to Crm and 7* switches to 7™. Hence, denoting by o™~ the
strategy induced by ¢ in the subgame starting after h,,, one has

E{’Y(}ontvl’n] < Esn,zr"n,r'"[vl(sﬂ"‘)lvr"'Sec + 71(3ec)1ec<1r'"] < Eq, ['71] +4.
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This implies
E[7clont1f=fp“b <1r1] < Eﬁllle_l’“b <1r1] +4.

Since o is pure, the event {n = m; — 1 < [P"» — 1} can be identified with an
element of H,,. Indeed, the definition of this event involves only the history up
to stage n and the action played by player 1 in stage n.

Let h, € {n=m —1 < [P" —1}. One has

E[v ($x,)hn] = E[v'[sn,a, 7 (hn)] < 7' (sn) + 4,

since ||7*(hy) — ys, || < 8 and H(y,C) < ~}(C).
Since P(7, < ec) < 24, the result follows. [ ]

We first prove in Lemma 36 that player 1 cannot manipulate prior to m; the
relative weight of two exits which are either unilateral exits of player 2 or joint
exits. We prove in Lemma 37 that player 1 cannot manipulate the distribution
of the action he chooses on the stage in which player 2 plays a unilateral exit.
The final estimate follows easily in Lemma 38.

Remember that for m < Mg, ™ is defined as the first success of the lotteries
associated with F™. For m > My, we define I™ as the first stage in which the
exit corresponding to s™ is played:

™ =inf{n > 1,(sn,an) = (s™,a™)} if My <m < My,
™ =inf{n > 1,(sn, bn) = (s™, ™)} if My <m < My,
I™ =inf{n > 1, (sp,an, b)) = (s™,a™,b™)} if My <m < M,
and ! = inf,, I"™. We set d; = 71 — 1, which we interpret as the first deviation by
player 1. For m < M, we set p, = P(I =™ < dy).
Let My < k < My, and My < m < M. We compute an estimate of

\Pm/0m — pr /0|
We first provide an estimate on the probability P(u] <! < uly,! < dy) that
exit occurs in a given sequence of passages in s™.

LEMMA 34: Let r € N, with r = m[M]. One has
P(u] <l <up,l <di) <Np™(1+ B) x P(uy <1, uf <dy))

and r r N,nm r r
P(u] <l <uly,l<dy) > ——=P(uy < l,uy < dy)).

+8
Proof:  We prove the first claim. Set N™ = N/n™(1 + ). For ¢ € N, let i, be
the ¢-th value of p such that a,; = a™ (ig = 400 if no such value exists). Since
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iq is a stopping time, the probability, given the past, that player 2 plays b™ in
stage ui_is /7™, whenever i is finite and uj < d;. Thus

P{l=v] <di} =vn"P{u <l uj <di},
hence, by summation over g,

P{le{u],...,u] .}, <di} < N"/nmP{u] < l,uj < dr}.

By definition, for every po < N,
#{p < Po, Gup = a™} < N™ on the event up < d;.
Hence iym 41 > N on the event uf; <[ < d;. Thus,

P{le {uf,...,uf}i<di} <P{le{u,..., hi<di}

tNm
The result follows. The proof of the second inequality is similar. 1

We now provide an estimate on the probability that exit occurs in a given
sequence of passages in s*. Recall that exit k is a unilateral exit of player 2.

LEMMA 35: Let r € N, with r = k[M]. One has
NiFPluyy < Luly < di} <P{le {u],...,uf},l < di}
< NibP{u) < l,uf < di}.

Proof The probability that, given the past history, player 2 plays b* in stage
" is 7* on the event {ul <, ul, < d,}. Hence

N
P{le{u],...,uy},l <di} =Y P{l=u] <dy}

p=1
N

= anP{u; < l,’U,; < dl} [ |
p=1

LEMMA 36: One has |py,/am — pr/oux| < 68.

Proof: Observe first that

+o0 ) )
=Y P(le{u™,..uytmhi < dy),

1=0
and that a similar formula holds for pg. Notice now that, for all ¢ € N,

; M(i+1)+k
u%wk Mitm uM1+m, <ul (i+1)+ i

< ug



Vol. 119, 2000 TWO-PLAYER STOCHASTIC GAMES II: RECURSIVE GAMES 123

Using Lemmas 34 and 35, one gets

Pk Pm
TN < Ny < N F O+

Using (11), a straightforward computation yields

P Paap)t and 75 < TR 4B+ B),
(675 (049 Qm
from which the result follows. ]

The next lemma asserts that, if exit occurs through a given unilateral exit m
of player 2, and given no deviation of player 1 has been detected, the distribution
of player 1’s action on stage ec — 1 is close to Tym.

LEMMA 37: Let My < m < M;, and r € N, with r[M] = m. Set Q; =
{uf <1< uly,l <d}. Forevery a € A, one has
IP(a; = a, %) — zsm (a)P()] < 4N

Proof: Let a € A be given. For p < N, we set X, = 1 if up, <+oo Qs = @,
and X, = 0 otherwise. We set Y, = 1 if uy, < +00, bur =", =0 otherw1se
Finally, we set T = inf{p < N,d; < u } The result follows lmmedlately from
Lemma 39, Section 8.2.1. |

LEMMA 38: One has E[¥!] < E,[y!] + 4X + VB max(24,2M).

Proof: One needs only to prove that E[¥'1;cq4,] < P{l < d1}Eg[y!}] + 4X +
vBmax(24,2M), since ' = E4[y'] on {l > d;}. One has

M
Ef'lica,] = Y B[ Lizimca,]
m=1
Mo
=3 pmEan + ) pmElylle™)
m=1 me{Mo-}-l,.‘.,Ml}U{M2+1,...,M}

M,
+ Y Y Plau=a,l=ln <di}E['|s™ a,b7).

m=M,+1a€A
Using Lemma 37, one gets

M

Q
Ef'lica) < Y pmBe. Y1+ D, pmEly'e™] +4)
= m=Mgp+1
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For m < My, one has E,,_[v!] = E,[y!]; for Mo < m < My, E[y}e™] = E,[y}].
Thus,

M, M
E[f'lica,] < O pm)Egy' 1+ Y. pmE[Y'|e™]+ 4N
m=1 m=M;+1

By Lemma 36, one has |pm/px — 0m/ck| < 128/pk, hence

24
(12) Pm _ZOm| < p , for every My <m,k < M.
y2> (233 maXy Pr
Define the renormalizations
o
Gy = = and P = —pim——, form=M+1,...,M.
DMyl % Y icM41 Pi

By (12), one has |pm/Px — Gm/0k| < 240/ max, p,, for every My < m,k < M.
This implies

248
maXy pr ’

(13) SUp |@m — Pm| <
m

If max, p, > /B, (13) yields

M

3 PuERYe™) < By + 246,

m=Mg+1

If max, pr < /B, then

M M

> BRI S( Y BN +2MVB W

m=Mo+1 i=Mi+1

8.2.1 An auziliary lemma. We provide a precise statement of the standard idea
that a player who chooses a stage according to a geometric distribution can
monitor the distribution of the action selected in that stage by the other player.

LeEMMA 39: Let (Q, A, P, (An)n=1,..~) be a filtered space. Let (Xn,Yy), n =
1,...,N be {0,1}-valued random variables and X, = %Z?:l X;. Letz, )\ €
(0,1), N, € N be given, and let T be a stopping time for (A,)n. Let S =
inf{n >1,Y, =1}.
Assume that:
o for each n = 1,...,N, X, and Y, are independent given A, and
P(Y, =1A,) =7, if T >n;
e for each n, the variables X,,_; and Y, are A, -measurable;
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e for each p > N,, |X, — z| < X on the event {p < min(T, S)}.
Then

(14) |P(Xs=1,8 <T)-aP(S <T)| < Nen+ (Nem)? + M1+ N).

One may think of X,, and Y, as the actions played by two players in the n-
th visit to a given state. A, is the information available at that stage. The
lemma provides an estimate on the law of the action Xg played by player 1 in
the first occurrence of a given action by player 2. The stopping time T should
be interpreted as the first stage in which player 2 sees a deviation by player 1.

Proof:  Denote by v = E[(Xg—1)1s<r]| the left-hand side of (14). We introduce
an auxiliary one-player game against nature, played in N stages. Nature plays
a sequence (Yn)n=1,.,N. Choices of nature in different stages are independent
Bernoulli variables with parameter 5. Define s = inf{n < N, y, = 1}. The player
chooses a sequence (Zn)n=1,.. n in {0,1}, and a stopping time e with values in
{1,...,N} U {+00}. The player maximizes V = (x5 — z)1s<. subject to the
constraints |Z, — 2| < A for every n > N..

Which information is available about former choices by nature is irrelevant.
We assume the player receives no information whatsoever.

Define a behavior strategy ¢ as: in stage m, given the past choices
(1, Tn-1), choose w € {0,1} and to exit with probability

P(Xn =w,T= an 2 n, (Xp)p<n = (mp)P<n}

(and define & after T' in such a way that the constraint on (Z,) is satisfied).
One can check that E;[V] = v. Therefore we need only prove that sup, E[V] <
Nen+ (Nen)? + A1+ 9N).
Let o be a pure strategy in the auxiliary one-player game, i.e., a sequence
(Zn)n=1,..~ and e € {1,...,N} U {+00}. One has
ng
E,[V]= Z n(1 — )" *(z, — z), where ng = min(N,e—1).

n=1
Using the identity z, — £ = n(Z, — z) — (n — 1)(Z,_1 — ), one gets

'n,o—l
E, V= Y a2l — )" Y& — o + non(l — )" |z, ~ 2.

n=1

Denote by A the sum on the right-hand side, and by B the remaining term. One
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has B < ANy if ny > N,, and B < 9N, otherwise. On the other hand,

min(N¢,ng—1) np—1
A< > aP(l-p)"t 4 >, (1 —n)"
n=1 n=min(Nc,no~1)+1
< (PN +

The result follows. |
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